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ON THE BLOCH-KATO CONJECTURE FOR THE ASAI 

L-FUNCTION 

TOBIAS BERGERi 


Abstract. Following Ribet’s seminal 1976 paper there have been many re¬ 
sults employing congruences between stable cuspforms and lifted forms to con¬ 
struct non-split extensions of Galois representations. We show how this strat¬ 
egy can be extended to construct elements in the Bloch-Kato Selmer groups 
of di-Asai (or tensor induction) representations associated to Bianchi modular 
forms. We prove, in particular, how the Galois representation associated to 
a suitable low weight Siegel modular form produces elements in the Selmer 
group for exactly the Asai representation (-h or —) that is critical in the sense 
of Deligne. 

We further outline a strategy using an orthogonal-symplectic theta corre¬ 
spondence to prove the existence of such a Siegel modular form and explain 
why we expect this to be governed by the divisibility of the near-central critical 
value of the Asai L-function, in accordance with the Bloch-Kato conjecture. 


1. Introduction 


Ribet proved in [Rib76j that, if a prime q > 2 divides the numerator of the A:-th 
Bernoulli number for A: > 4 an even integer, then q divides the order of the part of 
the class group of Q(//g) on which Gal(Q(^g)/Q) acts by the (1 —A:)-th power of the 
mod q cyclotomic character e. The argument (in fact a slight variance of Ribet’s 
proof outlined in [KhaOQ| i is as follows: One considers the weight k Eisenstein 
series for SL 2 (Z) and proves the existence of a weight k cuspidal eigenform that 
is congruent to the Eisenstein series. Ribet then shows that one can find a lattice 
in the irreducible odd g-adic Galois representation pj associated to / such that 

f \ 

its mod q reduction gives a non-split extension 


0 


-fc-i 


Note that this proves 


(part of) one direction of the Bloch-Kato conjecture for the Riemann zeta function 
(proven in [BK90) Theorem 6.1 (i)) in so far as it relates the ^-divisibility of the 
value for the even integer k to that of the order of the Selmer group for the 
critical motive Q(1 — fc).We note that pf is polarized in the sense that 


p'j = Pf ® det{pf) ^=p/(8)e^ 

and that the characters occurring in the reduction get swapped under this polar¬ 
ization. 

Ribet’s strategy employing congruences between “stable” cuspforms and lifted 
forms has since been applied to construct many more examples of extensions of one 
representation by another, i.e. constructing elements in the Selmer groups of tensor 
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product representations. We show in this paper how to go beyond tensor product 
representations to Asai (or tensor induction) representations. Using polarized (es¬ 
sentially self-dual) 4-dimensional Galois representations we provide evidence for 
the Bloch-Kato conjecture for the Asai L-function associated to a Bianchi modular 
form. 

Let K be an imaginary quadratic field with ring of integers Ok and tt be a 
cuspidal automorphic representation for GL 2 (Aif) which is not a base change from 
Q such that tToo has L-parameter 

Wc = C^ ^ GL2(C) : z ^ ' 

for k G Z >2 and the central character of tt is trivial. For a prime g > 2 let Aq a 
sufficiently large finite extension of Q, with ring of integers Oq. 

The Asai L-function of the title will be defined as a Langlands L-function in 
section [2l For this introduction we recall the following explicit description in the 
special case where K has class number 1 and fc = 2: If tt has L-function 

Hs,n)= c{a)N{a)-^ 

iO)^acOK 

then 

L(.,As+M) = C(2.)f;d^. 

Z—/ jjiS 

m—1 

We prove in this article the Galois representation half of the argument for the 
following part of the Bloch-Kato conjecture |BK90) for the Asai L-function; 

Ifq |L“*(l,As(-i)'(7r)) then q | #Lr)(Q, As^-^^'(p.)(l - fc) 0 Lq/Oq), 

where : Gk GL 2 (Llq) is the Galois representation associated to tt by Taylor 
et al. and the (conjecturally motivic) Asai (or tensor induction) representations 
As"’^(p 7 r) are particular extensions of p^(g)pO to Gq satisfying As“(p 7 r) — As^(p 7 r)G) 
Xa/Q: where Xa/q denotes the quadratic character associated to K/Q. 

Assuming for now the existence of a Galois representation R : Gq —GL 4 (Llq) 
with {RY = i? (g) 4/ such that R = ind^(p 7 r) mod q with R\gk absolutely ir¬ 
reducible one constructs a suitable extension which proves that the Bloch-Kato 
Selmer group Hj{K, {p^ (g) p(j.) (g) Lq/Gq) is non-trivial. The key result is Theorem 
Ol which states that this extension does, in fact, lift to an element of the Selmer 
group for the Asai representation of the correct parity, i.e. that it lies in the (—1)^- 
eigenspace for the action of complex conjugation on Hj{K, As'^ {p^r)Y — k)®E^/0,^). 

This eigenspace is isomorphic to — fc) (g> Lq/Oq) (see Lemma 

ED), and it is exactly As^ {pY that is critical at k (in the sense of Deligne) 
whereas As*-”^^ ^ {pY is not. To prove this we relate in Lemma |5. 21 the complex 
conjugation action to (—1)* times the involution arising from the polarization 

{Rlc.r =R\G.<S>e^-^ 

For the latter action [BG09| Proposition 1.8.10 showed that the eigenvalue is given 
by the sign of the representation i? | , as defined in [BCll] . We prove that this sign 

is 1 in Lemma 15751 by deducing that R is symplectic from its congruence to ind2(p,n.) 
(which can be equipped with an even or odd symplectic pairing as A^(ind2(p,n.)) 


0 ^ 

{z/\z\y-V 
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contains two Gq-invariant lines under our assumption on the central character of 
tt). In Lemma [5?^ we assume that 'L is congruent to the odd choice of the similitude 
character for ind2(/9,r), which would be satisfied for a representation coming from 
a stable Siegel cuspform congruent to the theta lift. 

Our result should easily extend to the case of CM fields and tt satisfying the 
condition on the central character in |Mokl4) . In fact, the method of proving The¬ 
orem [Q extends to general Asai (or tensor induction) representations As^{p) for 
p : Gk —t GL„(Aq) for K/K^ a CM field, including extensions of adjoint repre¬ 
sentations of polarized regular motives as studied in [HarlSj . This generalization 
and an application to proving the oddness of residually reducible polarizable Galois 
representations will be discussed in future work. 

For the automorphic half of the argument producing a suitable Galois repre¬ 
sentation R as above we suggest replacing the Eisenstein series in Ribet’s proof 
in |Rib76) by the theta correspondence, i.e. finding a suitable theta series and 
proving that it is congruent to a “stable” cuspform whose associated g-adic Galois 
representation is irreducible and allows one to construct an element in the Selmer 
group. (A complementary approach using Hermitian Eisenstein series is studied 
in [DumI5) . for which the preceding results of this paper can also be applied, see 
Remark 15.51 for a discussion.) By the Rallis inner product formula (and the expec¬ 
tation that g-divisibility of the Petersson norm period ratio governs congruences to 
stable forms) one needs to identify a group and an automorphic representation a 
for which L'^(l, cr, std) = L'^(l, As^“^^ (tt)). By [Gill] Lemma 7.1 (see also [RobOI] 
Lemma 8.1) this is the case for the representation cr = tt ffl X^/q 

GSO(3,1)(A) = GL 2 (A;f) x A7{(zld2, Nm^/q z"!), z e A^,}. 

A suitable extension a to GO(3,1) then has a non-zero theta lift to GSp 4 (A), as 
studied by [HST93irRob011lTak091ITakII] . see section[7]for more details. This theta 
lift is associated to the Galois representation Ind2(/9^), in particular it restricts to 
Pt,® pI on Gk- 

We do not establish the congruence of the theta lift to a stable Siegel cuspform 
in this paper, but describe in Proposition 16.71 conditions a cuspidal automorphic 
representation 11 for GSp 4 (A) would have to satisfy to give rise to a Galois rep¬ 
resentation R as above. Under some additional conditions on we prove that 
one needs to find a 11 with pn = ind^ mod q such that 11 is not a theta lift of 
TT ffl X (or any Jacquet-Langlands lifts of tt). That such a 11 exists is plausible, as 
one could apply (similar to the proofs for tensor product motives e.g. in |BDSP12| 
and [AK13| ) the method using pullback formulas of Siegel Eisenstein series for pro¬ 
ducing such a congruence to the cohomological Kudla-Millson theta lifts, whose 
p-integrality has been proven in |BerI4j . In particular, |Kat08) Lemma 5.1 would 
allow us to produce a congruence to a non theta-lift, as all the theta lifts appearing 
in the pullback formula would involve the same Asai L-value in the denominator 
(due to their Petersson norm being expressed by the Rallis inner product formula). 

To explain why 11 not being a theta lift implies that the associated pu is not 
isomorphic to ind^(p 7 r) (which under the additional assumption that p^ does not 
deform non-trivially implies that Pi]\gk is irreducible) we show in Corollary 16.61 
that the elements of the global L-packet n(x, tt) of the theta lift are indeed char¬ 
acterized by their associated Galois representation being isomorphic to ind^(p 7 r)- 
The statement above then follows from work of Roberts and Takeda that shows 
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that all elements of n(x, tt) can be realised via the theta correspondence between 
a quadratic space of signature (3,1) and GSp 4 (see Proposition [7d]). 
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2. Asai transfer and tensor induction 

We recall from |Kril2] the definition of the Asai transfer of tt: The Langlands 
dual of the algebraic group Rk/qGI-i 2 is given by ^(i?/f/QGL 2 ) = (GL 2 (C) x 
GL 2 (C)) X Gq. There are 4-dimensional representations 

: ^(^a/qGL 2 /A)(C) ^ GL(C 2 ® C^) 

given by 

= 9{x) ® g iv) for i\k = 1 

and 

r=*=(l,l, 7 )(a:( 8 ) 2 /) =±y®x. for ^\k ^ 1 

For each place v we denote the local L-group homomorphisms obtained from by 
restriction by . 

Let TT be a cuspidal automorphic representation for GL 2 (Ax). Then we may 
consider tt as a representation of Rk/qGIj2{A.) and factorize it as a restricted 
tensor product 

TT — ®v'^v 5 

where each 7 r„ is an irreducible admissible representation of GL 2 (Ar ®q Qt,), with 
corresponding L-parameter </)„ : VFq^ —5> (GL 2 (C) x GL 2 (C)) x Gq„. Let As"*^( 7 r^) 
now be the irreducible admissible representation of GL 4 (Q^) corresponding to the 
parameter o under the local Langlands correspondence and put As^( 7 r) := 
(g)„As=^ By Krishnamurty |Kri03) and Ramakrishnan [Ram02) this Asai trans¬ 
fer As^( tt) is known to be an isobaric automorphic representation of GL 4 (A). 

The corresponding Langlands L-function is defined by 

L(s, TT, T^) = L{s, 7 r„, rf) 

V 

with L{s,TTv,r^) = L{s,r^ o (/>„). For unramified v and 7 r„ spherical the latter is 
given by 

det(/ - r=‘=(A( 7 r„))p“®)“\ 

where A( 7 rt,) is the semisimple conjugacy class (Satake parameter) in ^(R 4 ^/qGL 2 )(C). 

We will not use As^( 7 r) in the following but rather consider the corresponding 
operation for Galois representations, usually called “tensor (or multiplicative) in¬ 
duction”: Gonsider a representation p : Gk GL(K) for an n-dimensional vector 
space V and write c for the non-trivial element of Gal(A/Q). Then we define the 
following canonical extensions oiV to Gq: 

As=^(p) : Gq ^ GL(K 0 W) 

given by 

= P{9)x® p‘'{g){y) for g\K = 1 
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and 

As^(p)(c)(x (g) y) = ± 2 / (g) a;, 

where c G Gq is a complex conjugation (which we fix from now on). 

We first note that As“(p) = As''"(p) ® xa/q for Xk/q the quadratic character of 
Gq corresponding to K/Q. We quote further properties from [Pra92] Lemma 7.1: 

Lemma 2.1 (Prasad). (1) For representations pi and p 2 o/Gk, 

As'''(pi (g P 2 ) = As'''(pi) (g As'''(p2)- 

( 2 ) 

As±(/)-As±(p)^ 

(3) For a one-dimensional representation x oJGk, As~'’(x) is the one-dimensional 
representation of Gq obtained by composing x with the transfer map from 
Gq to Gf. 

We also recall from [Kril2) p. 1362-3 how and As^ are related in the 2- 
dimensional case: Given a : Gk GIj 2 {E) (where i? is a field) we can define a 
homomorphism 

d : Gq ^ ^{Rk,qGU){E) = {GU{E) x GU{E)) x Gk 

as follows: 


^{ 9 ) = 

It is now easy to check that 


{a{g),a{cgc ^),g) 
{<^{9c~^),cr{cg),g) 


a g €Gk 

ify^Gif. 


As*(cr) = r"*" o cr : Gq GL 4 (i?). 


3. Relating Selmer groups over K and Q 

In this section we record how to relate Bloch-Kato Selmer groups over K and Q: 

For L and E number fields and q a prime consider V a continuous finite¬ 
dimensional representation of Gl over i?q (with q | q), a finite extension of Qg 
with ring of integers Oq. Let T C P be a G^-stable Gq-lattice and put W = V/T 
and Wn = {x & W •. q”a: = 0}. Let E be a finite set of places of L. Following 
Bloch-Kato (see also [DFG04] Section 2.1) we define for M = W, IF„ the following 
Selmer groups: 


(3.1) iLi(L,M) = ker(iLi(L,M) ^ M)/M)), 

where Hj{Ly, W) := im(i7j(L„, V) F{^{Ly, W)) and 

{kev{F[^{Ly,V) ^ H^[Iy,V)) ifujq, 00 

Hj{Ly,V) = < ker(iJi(L„,P) H^{Ly,V g) Boris)) if u | q 
[0 if u I 00. 

When V is short crystalline we refer the reader to [DFG04] Section 2.1 and [BK13] 
Section 5 for the definition of the local subgroups F[j{Ly,Wn) for finite modules 
using Fontaine-Lafaille theory. 
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Lemma 3.1. Let V he a GQ-representation with T and W as above. Let E'*' be a 
finite set of places of Q and E the set of places of K above E+. For q > 2 we have 

(if, W) = HliK, W^)+ © HliK, IL)-, 

where the superscripts indicate the eigenspaces for the action of c € Gq . 
Furthermore the restriction map from Gq to Gk induces isomorphisms 

H^+{Q,W) ^ HUK,W)+ 

and 

iJi + (Q, W 0 xk/q) ^ Hh{K, H^)-. 


Proof. For this we note that ind2(F|GK) = V ® V 0 Xk/q and recall Shapiro’s 
lemma which for a finite Galois extension of fields E/F tells us that 

H\E,M)'^H\F,mdl{M)) 

for any continuous p-adic G_F-representation M (see [SU14] 3.1.1 and 3.1.2 for a 
detailed discussion of Shapiro’s lemma in the case that M is a discrete module 
and the compatibility with restrictions at finite places and |SU14] Lemma 3.1 for 
the analogous statement for the Greenberg Selmer groups in the case of ordinary 
representations). The statement for Bloch-Kato Selmer groups follows easily from 
this and the projection formula 

ind^’ {V 0 BcnslcK^ ) = ind^’ (fo) © Bens- 


□ 


4. Bloch-Kato Conjecture 

In this section we state the Bloch-Kato conjecture for the Asai L-value L(l, tt, r^) 
following the exposition in |Duml5| . 

Let TT be a unitary irreducible cuspidal automorphic representation of GL 2 (A;f) 
of weight k, i.e. with archimedean Langlands parameter 

I 0 (|z|A)'=-V ■ 

If the central character factors through the norm map from if to Q then for every 
prime q [HST93) , |Tay94| , [BH07] associate to tt an irreducible Galois representation 
Ptt ■ Gk GL 2 (£'q) for E a (sufficiently large) finite extension of Q and q | q (the 
condition on the central character has been removed by |HLTT16] and [SchlSj l. 

To ease notation we assume that tt has trivial central character, which implies 
in particular, that det Pt^ = for e the q-adic cyclotomic character (note that 
we choose the arithmetic Frobenius normalisation). 

Let As^“^^ (p^) : Gq — 5> GL 2 (Aq) be the Asai plus/minus representation defined 
in section [2l By |Clo90) Conjecture 4.5 (applied to the functorial Asai transfer 
As^(7r) to GL 4 (A)) there should exists a motive A4(7r,r(“^^ ) of rank 4 with co¬ 
efficients in E such that its q-adic realisation is As^“^^ {PttY (dual due to the 
arithmetic Frobenius normalisation). 

Lemma 4.1. As"'^(p,r) is polarized in the sense that As'^{pTrY{2k — 2) = As^(p^) 
or 

As^(p^) 0 = (As^(p^) 0 = Min, r=‘=)(fc - I). 
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Proof. We use the properties of tensor induction stated in Lemma 12.11 Put p = 
p^. Then As=^(p)^ ^ As=^(p^) and As=^(p'^) = As=^(p 0 e^“''|GK) = As=^(p) 0 
As'''(e^“^|GK)- Now note that the transfer of eIgk to Gq is e^. □ 

We will consider the Tate twist M{tt, (corresponding to the dual of the 

Galois representation As^“^^ (p 7 r)< 8 e~^)- Let iLB(Al( 7 r, r=*=)(fc)) and iLdR(-Al( tt, r=*=)(/c)) 
be the Betti and de Rahm realisations, and let Hb{M{tt, r^){k))^ be the eigenspaces 
for the complex conjugation Foa- Following Deligne we call M{'K,r^)[k) critical 
if dim(iJB(Al( 7 r,r^)(fc))+ = dim(iLdR(Ad( 7 r,r=*=)(fc))/Fil°). |Gha99) Section 4.2 
checked that A 4 ( 7 r,r(“^) ){k) is critical (our weight k corresponds in his notation 
to n = k — 2 and Vi = Vc = 0). 

Assume q > 2k and that tt (here viewed really as representation of (R/f/QGL 2 )(A)) 
is not ramified at q. Let Oq be the ring of integers of E^, and G(q) the localisation at 
q of the ring of integers Oe of E. Write w for a uniformizer of Gq. Choose an G(q)- 
lattice in FIb{M.{'k, r^)) in such a way that := (g) Gq is a Gq-invariant 

lattice in the q-adic realisation. Then choose an G(q)-lattice in iJdR(Al( 7 r, r=*=)) 
in such a way that V(Tj^ 0 Gq) = as Gqp-representations, where V is the 
version of the Fontaine-Lafaille functor used in [DFG04] . 

Let n be a Deligne period scaled according to the above choice, i.e. the deter¬ 
minant of the isomorphism 

HB{M{7r, r±)(fc))+ (iLdR(Al( 7 r, r±)(fc))/Fil°) ® C, 

calculated with respect to the bases of (T’b)'*' and Tj^/Fib, so well-defined up to 

Conjecture 4.2 f |BK90] . |Duml5) Conjecture 4.1). is a finite set of primes, 

containing all p where Tip or K/Cl is ramified, but not containing q then 

£^^(l,7r,r(-b^) \ ^ / #Hi+(Q,rq^-^^'(fc)*(l)®(£;q/Gq)) \ 

^ " V #i?°(Q,Tq(-')''(fc)*(l) ® (Gq/Gq)) ) ’ 

where T* = Homo^^ (Tq, Gq), with the dual action of Gq, and ff denotes a Fitting 
ideal. 

Remark 4.3. (1) The Langlands L-function L{s,Tr,r^) is expected to have 

a meromorphic continuation and satisfy a standard functional equation 
relating s and 1 — s (and for (s, tt, r^) this should follow from work of 
Shahidi). Since As^(/9,r) is (conjecturally) pure of weight 2{k — 1) we have 

L{s,'!T,r^) = L{s + {k — 1), A 4 ( 7 r, r=*=)). 

The value £(1, tt, on the LHS in the conjecture corresponds there¬ 

fore to the motivic L-value L{k,M{TT,r^)) = £( 0 , A 4 ( 7 r,r^)(fc)) 

(2) By Lemma [4Tl we know that Tq(fc)*(l) = T*{l — k) = T(^{k — 1), so that the 

Galois action is given by the self-dual representation As^“^^ (P 7 r)(l ~ k). 

We will write the Selmer group in the numerator of the right hand side as 
(P 7 r,q)(l — fc) ® (Aq/Gq)) in the following. 
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5. Construction of elements in Selmer group 

This section contains a series of lemmas which together prove the main result 
Theorem Q] which establishes the Galois part of the proof of one direction of the 
Bloch-Kato conjecture for the Asai representation. 

Theorem 5.1. Let q > 2. Assume that the mod q-reduetion is irredueible and 
does not deseend to Gq. Assume there exists a Galois representation R : Gq ^ 
GL 4 (Aq) with the following properties: 

• R = ind2(p^) mod q 

• {RY = a (g) vI> for ih : Gq —>• E* with mod q (so in 

partieular 'I'(c) = 

• R\gk absolutely irreducible and is unramified away from a finite set of 
places E and short crystalline (for definition see |DFG04] Section 1.1.2) at 
V I q. 

IfTi'^ is the set of places of Q lying below S then 

q I #i7i+(Q, As(-i)'"(p,,q)(l -k)^ {E,/0,)). 

Proof. By assumption {R\gkT^ — Ptt ® Pw mod q. By Ribet’s lemma (see e.g. 
Theorem 1.1 of [UrbOlj l we know there exists a lattice for R\gk such that 

(5.1) R\gk=(^q modq 

and this extension is not split. 

We claim now that this gives rise to an element in 

Hh{K,As{p){l - fc) 0 (Aq/Gq))(-1)', 

which is isomorphic to (P 7 r,q)(l — fc) ® (Aq/Gq)) by Lemma [Til 

To ease notation put p := p^. First note that (15.11) gives a non-trivial class in 

iL^(Gif,HomF(p°,p)). 

By the assumptions on the ramification and crystallinity of R we have, in fact, a 
class in iL 2 (Gif, HomF(p°, p)). Since 

HomF(p^ p) ^ (p'^y O p ^ (p‘= O 6^“'=) O p = As(p)(l - k)\cK 

we obtain an element in 

iLi(Gif, As(p)(l - k)) - Ffi (iX, As(p)(l - fc) ® (Aq/Gq)[q]), 

which injects into 7L|;(Ar, As(p,r,q)(l — k) ^ (Aq/Gq)) since iL°(Gif+, As(p)(l — 
/c))=0. To see the latter, assume that Homc^^ (1, As(p)(l — k)) 0. This im¬ 

plies HomG^(l,p ig) p'^e^“^) ^ 0, contradicting our assumption that p and fP are 
irreducible and non-isomorphic. 

Lemma 5.2. On H^{K,As'^{p){l — k)) the complex conjugation action coincides 
with (—1)^ times the “polarization involution” arising from the involution on F[Gif] 
given by g ^ t(p) := cg~^c~^e^~^[g) for g €Gk- 
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Proof. We recall from [BC09] Section 1.8 for how t induces an involution on 
Extg^(p'^,p) = H^{K,As{p){l — k)): In our case, r is an anti-involution of al¬ 
gebras, and the corresponding involution on representations R : Gk GL„(F) is 
given by i? I—:= (i? o t)^. We note that we have 

(5.2) Pp^p-^ = p^ 



|BC09| (26) on p.51 explains that the induced involution on P[^{K, HomF(p‘^, p)) 
can be described as follows: Associate to a cocycle (f G Z^(G_r',H omF(p'^,p)) the 
representation 

P^:Gk^ GL 4 (F) : g ^ 
with b(g) = (p(g)p'^(g). Then </)-^ given by 

</,^(g) := Pb^(cg-^c-^)e^-^p-^p^(gr^ 

defines an involution T on H^(K,HomF(p‘^, p)). (To express directly in terms 
of 4> apply (15.21) to write (j>'^{g) = p{g)P4>^{cg~^c~^)P~^p’^{g)~^.) 

We can rewrite this as follows: 

ct>^{g) = Pb^{cg-^c-^)e>^-^p-^p%g)-^^ Pb^{cg-^c-^)p‘^{g)^p-^ 

= P {<f{cg-\-^)p{g-^)f p<^{gfp-^ = P {p‘^{g)<f{cg-^c-^)p{g-^)f p-^ 

= P {-(t>{cgc~^)Y P~^, 

using the cocycle relation for the last equality. 

We now compare this to the action of c G Gq on [cf] G P[^{K, As'^{p){l — k)) 
given by 

{c.(l)){g) = As(p)(l - k){c)(l){cgc-^). 

Since As(p)(c) acts as transpose on the upper right shoulder, 

G^i(GK,HomF(p^,(p'=)'^), 

and 

PpVp-i = pdet(p)"\ 

complex conjugation acts hy (j) {g P(j)^{cgc~^)P~^) on a cocyle rep¬ 

resenting a class [(j)] G H^{K,As'^{p){l — k)). 

□ 

Lemma 5.3. For the lattice constructed by Theorem 1.1 of [UrbOTj the correspond¬ 
ing extension (15.11) lies in if^(Q, As(p)*^“^^ (1 — k)). 

Proof. We need to show that the corresponding extension lies in H^{K, As(p)(l — 
/c))^“^^ . In fact, Urban’s Theorem 1.1 constructs an element cq of ExtpfG^ ](P^P) 

by considering the linear extension R of R\gk Gq[Gic] Mi{Oq). Put T := 
tr {R). Since R is absolutely irreducible |BC09) Proposition 1.6.4 tells us that 
keri? = kerT. The morphism R induces a morphism from Gq [G^^]/ker i? and so, 
applying |Urb01| Theorem 1.1 again, we see that cq lies in the subspace 

ExtF[GK]/kerT(P‘^i P) C Exlpjc^] P)' 
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By [BC09) Proposition 1.8.10(i) we know that _L acts by multiplication by 
Bellaiche-Chenevier’s “[/-sign” sign{R\GK) = sign(^|GK: ^Igk) on ExtF[G;c]/kerT(p''> p)- 
The U-sign of R\gk (with respect to 4 '|gk) is defined as follows (for details see 
fBCTT] or fCiITT] !: By assumption we know that 

{R\G^r = AiR\G^rA-^^\G, 

for a character ik : Gq E* and an invertible matrix A which can be shown to be 
either symmetric or antisymmetric. This is used to define the sign by setting 

A^ = sign(.R|GK)^ for sign(.R|GK) G {±1}- 

To prove that sign(i?|G'^) = 1 we first note that the identity 

(5.3) A2(indg(p^)) = As"(p^) © © Xic/Qe'="\ 

shows that the induced Galois representation can be equipped with an odd sym- 
plectic pairing. 

The following lemma (applied with p\ = ind^(p,r)) then proves that R is also 
symplectic. Together with the oddness of ik this implies by e.g. [can] Lemma 2.6 
that A is symmetric, so concludes the proof of Lemma 15.31 and the theorem. 

Lemma 5.4. Let q > 2 and L a finite extension of Qq with ring of integers Ol, 
uniformizer ttl and residue field F^. Let pi,p 2 '■ Gq —>• GLfiL) be two residually 
absolutely irreducible representations such that pf = © vki with : Gq —>• Of 

such that 

'Ll = 'L 2 mod vul and pi = P 2 niod vjl- 
Assume that pi preserves a non-degenerate El- bilinear symplectic form. Then so 
does P 2 and both pi preserve L-bilinear symplectic forms. 

Proof. We can assume that both representations are valued in GL 4 (Ol). By a 
result of Serre and Garayol we know that there exist Bi G GL 4 (Oi) such that 

pf = 

This gives pairings (•, ■)i : Of x Of -G Of defined by {x,y)i := xBiy'^. We claim 
that BJ = —B, i.e. that the signs of pi (again in the sense of |BC11) 1 are —1. This 
follows from [BGll] which prove in Section 2.3 for our case of residually absolutely 
irreducible representations that the signs of pi and Pj agree (and that the sign of a 
representation only depends on its isomorphism class). 

For the convenience of the reader we give a direct proof here: Let M G GL 4 (Fl) 
such that P 2 = MpiM“^. Then we get that on the one hand 

pf = M-^-pfM^ = M-^(Bi-pfBf^)M'^^i, 
and on the other hand 

P2 = B2P2B2 4/2 = B 2 {MPiM ^)B 2 tE' 2 - 
Since 'Ll = ^'2 and pi absolutely irreducible Schur’s Lemma implies that 

{M-^Bi)-^B2M 

is a scalar matrix, in particular symmetric. This, together with the assumption 
that Bi = —Bi, implies that B 2 = —B 2 , □ 

□ 
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□ 

Remark 5.5. The proof of Theorem 15.11 only requires the existence of a suitable 
polarized Gic-representation. This can be given by the restriction of a symplectic 
Gq-representation arising from congruences of Siegel modular forms, as discussed 
in the next sections, but need not to. As part of general conjectures extending 
Harder’s Eisenstein congruences [Duml5) Section 7 discusses such a situation using 
Eisenstein series for the quasi-split unitary group 17(2, 2). 

For Pt^ arising from a Bianchi modular form of weight k for which a critical 
(normalised) L-value of As^(p 7 r) is divisible by q [DumlSj conjectures the existence 
of a cuspidal automorphic representation for 17(2, 2)(A) whose associated Galois 
representation R : Gk —>■ GL 4 (Aq) should satisfy the following properties: 

• i? is absolutely irreducible and is unramified away from a finite set of places 
E and short crystalline at u | q, 

• ® with = £^~’'Xk/k+ (“ particular 4'(c) = -1), 

• sign(i?) = 1, 

• For an integer i with 0 < z < we have 

and 

PAi) mod q. 

(Complementary to this paper the case of z = 0 corresponding to the near-central 
L-value is excluded.) In this situation one can also apply the arguments in the proof 
of Theorem IS.ll to provide evidence for the Bloch-Kato conjecture for all the critical 
values for As'''(p,r). |Duml5j Section 7 also allows to consider base change forms, 
in which case the evidence is for symmetric square L-values for elliptic modular 
forms. 


6. Automorphic Induction and L-packets for GSp4 

In the remainder of the paper we explain a strategy to procure R as in theorem l5.ll 
as the Galois representation associated to a cuspidal automorphic representation H 
for GSp 4 (A). For this we first need to discuss the automorphic analogue of ind§/9,r: 

We briefly recall the definition of L-parameters. Let F be a number field, v 
a place of F, and the completion of F at u. Let G be a connected reductive 
algebraic group over F. Then the local Langlands correspondence (which is known 
for G = GL 2 , GSp 4 or Sp 4 see [Kna94lIBH061IGTIOI IGTllj ) yields a finite-to-one 
surjective map (satisfying additional conditions) 

L : n(G(F„)) ^ $(G(F„)), 

where 

• n(G(F„)) is the set of isomorphism classes of irreducible admissible repre¬ 
sentations of G{Fy)-, 

• ^{G{Fy)) is the set of L-parameters for G(Fy), i.e. the set of isomorphism 
classes of admissible homomorphisms (j) : Wp —>■ '^G, where W'p is the 
Weil-Deligne group of F^ and ^G=^G° x ITf„ the L-group of G (if G is 
split over F we take the projection to ^G°). 
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For any irreducible admissible representation 7 r„ of G{Fy), we call L{ttv) the L- 
parameter of 7r„. 

We have an L-group homomorphism 

: ^{Rk/qGL2/K){C) ^ GL(C2 © C^) 

given by 

n){x®y) = g{x)®g'{y) for = 1 

and 

1.7){2; ®v) = y®x. for 7 |if ^ 1 . 

Let TT be a cuspidal automorphic representation for GL 2 (Aif) with trivial central 
character. By the work of Arthur-Clozel we then have its automorphic induction 
/^(tt), which is an automorphic representation of GL 4 (Q) and which is cuspidal if 
TT is not a base change. Under our assumptions we know that 

( 6 . 1 ) L(s, A 2 (/^( 7 r)) © x"^) = <^{s)L{s, Xk/ci)L{s, tt, r" © 

has a pole at s = 1 for y = 1 or Xkiq, so descends to a cuspidal represen¬ 

tation of GSp 4 (Q) with central character y = 1 or xk/q (see [Mokl4] Proposition 
5.1, cf. also discussion towards end of [Ram04] (correcting sign in |Ramn2] U. This 
uses the non-vanishing of the Asai L-function at s = 1 proved by |Sha81] . 

These representations lie in two global L-packets for GSp 4 . Following Roberts 
[RobOlj l we denote them by 

n(y, 7 r) = {n = ©^n„ e Irradmiss(GSp 4 (A)) : 11^ G n(y„, 7 r„) for all v}. 

As indicated, the corresponding T-parameters '^(y«, 7 r„) : VFq^ —GSp 4 (C) 
composed with spin ; GSp 4 (C) ^ GL 4 (C) agree with the L-parameters for /^(tt) 
(and are distinguished by their similitude being y = 1 or Xk/q)- 

By section 11 of |GT11) and [GGlSbj the non-archimedean local packets n(y^, tt^) 
are also explicitely described by table 4 of the appendix of |Rob01) (via theta corre¬ 
spondence between GO(U) for quadratic spaces V over Q„ of discriminant A©qQ„ 
and GSP 4 ). 

We summarize the images of the L-parameters of these L-packets under various 
L-group homomorphisms in the following proposition: 

Proposition 6.1. For each (finite) place v 2 of Q denote by : VFq 
^[Rk/qGIj2) the L-parameter corresponding to n (viewed as a representation of 
Rk/qGL2). We then have: 

(1) spino 7 j(y„, 7 r„) =/^ /or spin : GSp 4 (C) ^ GL 4 (C), 

(2) sxmo ip{xv,TTy) = Xv for sim : GSp 4 (C) GLi(C), 

(3) std o (p{xv,nv) = Xk/q,v © r+ o © xfi^XKlci,v for std : GSp 4 (C) ^ 
PGSp 4 (C) ^S 05 (C). 

Proof. (1) and (2) are clear from the discussion above. 

For unramified places (3) can be shown on the level of Satake parameters, similar 
to the proof of |Bro07] Theorem 3.10 using Lemma 7 of |HST93] (but noting the 
correction given on p.288 of |Rob01) L 

To compute the L-parameters directly we can use the fact that for : Wq^ —>■ 
GSp 4 (C) we have 

© sim((/))“^ = std o (/ © C 

(see |GTin] (5.5)). 
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This allows us to deduce std o '^{xv,t^v)\wq^ from the analogue of (15.311 

a^(‘/5(x«.7^«)Iwq„)®x;;^ = c©xa/q,«©?•+ q© Xv^xk/q,v 
(which of course also implies (IB.ip l. 

An alternative proof (which also explains better the occurrence of the twist by 
Xk/q) can be given by noting that the discussion on |Kri m pp. 1363/4 shows 
that r~^ o can be equipped with a quadratic form so that it takes values in 
04 (C): Let Vk be the space given by the hermitian 2x2 matrices with entries 
in K with the determinant as its quadratic form. Then there is a homomorphism 
$ : GL 2 (C) X GL 2 (C) ^ GSO(Vk ©R) defined by $(A,B) := {X ^ AXB*). 
Since tt was assumed to have trivial central character (so that its L-parameters 
take values in SL 2 (C)) we can modify r~^ o to take values in 

^0{Vk) = {{A,g) e 04 (C) X ITQjdet(A) = xa/q( 5)} 
as follows: For g € Wq^ and A € SL 2 (C) define 

(r+op^J(g,A) = ^ 0) °¥>.„(5,dl),ff) if Xa/q(5) = 1 

[(($ X 0) op^^{gc,A)e,g) if Xk/q{9) = -1, 

where ITq„ = Wk^ U cWk^ and 0 denotes the involution on Vk © R = C^ © C^ 
corresponding to x ® y ^ y ® x. 

Appendix C of [GI14) just before Theorem C.5, or [GI15] Theorem 4.4(i)(a), now 
prove (for v ^ 2) that under the theta correpondence between 0 (Vk) and Sp 4 an 
L-parameter </> for 0(Vk) is mapped to the T-parameter Xa/q © /) © Xa/q valued 
in S 05 (C) (as Xa/q is the discriminant character of V). 

We summarize these relations in the following diagram (which commutes by the 
description of the packets n(x^, 7 r„) given by |Robni| Table 4): 


G <i>(i?K/QPGL2) 



□ 


Corollary 6.2. For 11 € n(x, tt) we have 

L„(s,n,spin) = Ly{s,I^{Tr)) 

and 

L^{s, n, std) = L„(s, Xk/q)Lv{s, tt, r~ © x~^) 
for all places v ^ 2. 
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6.1. Characterization of elements of n(x,7r) via Galois representation. We 

first prove that the global packets n(x, tt) are full near equivalence classes: 

Lemma 6.3. Assume that tt is tempered. Let 11 = n^, be an irreducible cuspidal 

unitary automorphic representation for GSp 4 (Aq) with central character x- If 
Ly{s, n, spin) = Ly{s, I^tt) for all but finitely many places v of Q then 11 € n(x, tt). 

Proof. We adapt the proof of multiplicity one in [RobOl] Theorem 8.5. 

By assumption there is a finite set of places S such that for i; ^ S' the L- 
parameters corresponding to ft and n(y,7r) coincide when mapped to GL 4 (C) via 
the spin embedding. As the central character of If is assumed to be x^ |GT11| 
Lemma 6.1 proves that ft^ € n(x„,7r„) for v ^ S. 

Let 17 be a space of cuspforms on GSp 4 (A) realising 11. Restrict these functions 
to Sp 4 and let 17i be a non-zero irreducible subspace. Denote the corresponding rep¬ 
resentation of Sp 4 (A) by rti. From Proposition 16.11 ,31 we deduce that the twisted 
partial standard L-function of IIi is 

L^{s, Bi (g) Xr/q, std) = C^{s)L^{s, TT, r+ g 

so it has a pole at s = 1 by the non-vanishing of the Asai L-function. 

As in [RobOl] p. 307 we can therefore apply [KRS92j Theorem 7.1 to con¬ 
clude that there exists a 4-dimensional quadratic space X' with discriminant d = 
disc(Rr/Q) such that the theta lift Qx{Ui) is a non-zero space of automorphic forms 
on 0(A, A). By the proof of [RobOlj Theorem 8.3 this implies that QxiU) 0. 
As in [RobOl] p. 307/8 one can further show that &x{U) is contained in the space 
of cuspforms for GO(A, A). 

By [HST93] Proposition 2 (or more generally [RobOl] Section 6) irreducible cus¬ 
pidal representations of GO (A, A) can be represented by triples (tt', y', 5'). Let 
{tt', y', 6') be the data for an irreducible subspace of Qx{U)- Since n„ G n(y^, tt^) 
for ^ S' we know that (7r(,,y(,) = (7rt,,y.i;) for v ^ S. By strong multiplicity one 
for GSO(A, A) (see e.g. [HST93] Corollary 1) we deduce tt' = tt and y' = y. □ 

Theorem 6.4. LetH be a cuspidal automorphic representation o/GSp 4 (Aq) with 
central character x and Boo a holomorphic (limit of) discrete series of weight (Blat- 
tner parameter) (fci,/c 2 ) with ki > k 2 > 2. For each prime q there exists a contin¬ 
uous semi-simple q-adic Galois representation 

Pn,q ■ Gq —>■ GL 4 (Q^) 

which is unramified away from q and the set S of places v where B^, is not spherical 
such that (for w = ki -\- k 2 — ?>) 

• Ly{s - f,B,spin) = Ly{s,pn,q) ■= det(l - pn,g(Frob«)z;“'')“^ for v ^ 
SU {q}, 

• Puq — pn.g g) ye“"', with ye““ odd, 

• */n, is an unramified principal series with distinct Satake parameters then 
Pn,q|Gq, is crystalline (and short if q > ki -\- k 2 — 2). 

Proof. For Boo holomorphic discrete series this is due to Taylor, Weissauer and 
Laumon. In fact, in this case more is known, in particular crystallinity without 
assumption on Satake parameters, and that the Galois representation preserves 
a non-degenerate ifq-bilinear symplectic form if B is neither endoscopic or CAP 
(Weissauer, [BCll] Corollary 1.3). The existence of the Galois representation in the 
limit of discrete series case follows from the discrete series case due to work of Taylor 
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(or arguments using p-adic analytic families, see [.Tor 10] and [Mokl4j l. 
Essential self-duality is implied by and the Chebotarev density theorem. 

The oddness of follows from the usual parity condition for the non-vanishing 
of the space of holomorphic Siegel modular forms (see e.g. (2.7) in [Yamldj b The 
statement about crystallinity in the limit of discrete series case has been proven 
in [.TorlOj Theorem 4.3.4 and (for general CM fields) |Mokl4j Theorem 4.14 and 
Proposition 4.16. □ 

Remark 6.5. Note that Lemma 15.41 can be used to prove that the image of pn,p 
lies in GSp 4 (Qq) also for non-regular 11 such that pn,? is residually absolutely 
irreducible. This should follow more generally from recent work of V. Lafforgue 
[Lafl2j Proposition 10.7. 

Corollary 6.6. Let n = (g)' be an irredueible euspidal unitary automorphic 
representation for GSp 4 (Aq) with lloo holomorphic (limit of) diserete series and 
eentral character y. Assume that tt is tempered. If the Galois representation asso¬ 
ciated to n satisfies pn = indpjr then 11 € n(y,7r). 

Proposition 6.7. Let q > k and tt a tempered cuspidal automorphic representation 
of GL2(A^) of weight k and trivial central character such that Pt^ is crystalline. 
Assume '.= p^ mod q is absolutely irreducible and does not descend to Gq. 

Let n = (g)^ n^, be an irreducible cuspidal unitary automorphic representation 
for GSp4(Aq) unramified at q and with lloo holomorphic (limit of) discrete series 
of weight (ki, ^ 2 ) with ki k 2 — 2 = k and central character y with pn crystalline. 
Assume that pjj = ind^p^ mod q but that 11 fz. n(y,7r). 

Furthermore, assume that p^ does not have any non-trivial (short crystalline) 
characteristic zero deformations of conductor dividing cond(pn|Gx) o.nd determi¬ 
nant . Then pnlcj^ is absolutely irreducible. 

Proof. By assumption we have that PhIgk = © p^ mod q. Assume that phIgk 

is reducible (over E^), i.e. that (pniGK)’*’’ = cr (B a' . By the polarization of pn we 
know that det(cr) = e^i+^ 2-3 other option that a' ® g-(fci-i-fc 2 - 3 ) oajmot 
occur as p^ ^ p)))- Since p^ does not deform non-trivially we get that one of the 
factors, say cr, equals p^n-. By Frobenius reciprocity we have 

0 ^ HomGK(P 7 r,Pn|GK) - Homcp (ind^(p^), pn), 

which by the irreducibility of ind^(p 7 r) implies that pn — indpvr. By the previous 
Corollary this contradicts the assumption that 11 ^ n(y, 7 r). □ 

We note that this Proposition shows that for a cuspidal automorphic representa¬ 
tion n as in its statement the Galois representation pn associated to it by Theorem 
16.41 would satisfy the assumptions for R in Theorem 15.11 It remains to check that 
^-igfci+fe2-3 jg congruent to modulo q. This will be the case as we will 

see in the next section that y has to be x^k /q ensure the existence of a suitable 
holomorphic theta lift. 

Remark 6.8. To check the “no non-trivial deformation” assumption in the propo¬ 
sition one would require “R = T”-theorems generalizing Theorem 5.11 of [CG15aj . 
Conjecturally, this would then be governed by L(l, Ad( 7 r)) being a p-unit (converse 
of result due to Urban [Urb95| '). 
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7. Comments on theta correspondence 

As explained in the introduction we propose that a cuspidal automorphic repre¬ 
sentation n as in Proposition 16.71 can be found using pullback formulas for Siegel 
Eisenstein series and Katsurada’s |Kat08) method of proving congruences of lifts 
with stable forms. For this we note the following result on realising elements of 
n(x, tt) via the theta correspondence: 

Proposition 7.1 (Roberts, Takeda). Let tt he a tempered cuspidal automorphic 
representation with trivial central character and weight k > 2. Assume for Xoc = 

1 and sgn that n(xoo,7roo) is exhausted by the theta lifts from GO(3,1)(R) with 
Harish-Chandra parameter (k — 1,0) described in [HST93] Lemma 12 (3). Then 
for X = 1 or XKjci every element o/n(x,7r) occurs in the space of cuspforms on 
GSp 4 (A) with central character x and can be realised via the theta correspondence 
between GO(3,1) and GSp 4 . In particular, n(x,7r) contains representations with 
IIoo a holomorphic limit of discrete series of weight (k, 2) if and only if x = Xr/q- 

Proof. Let If = (g)' 11^ £ n(x, tt). The proof of Theorem 8.5 of [RobOl] provides a 
suitable four dimensional quadratic space X and representation a G (GO(X, A)) 

(which is constructed out of irfflx via Jacquet-Langlands) such that 02(cr«)^ = II^. 
That the global theta lift of cr = ‘S)vO'v is non-vanishing follows from [PauOSj Corol¬ 
lary 4.17 (archimedean non-vanishing) and |Tak09) Theorem 1.2 (local-global non¬ 
vanishing). To show that 11 is cuspidal automorphic we apply [Tak09] Theorem 
1.3(2) and [HST93) Lemma 5. The statement about the existence of holomorphic 
representations in the L-packet at infinity follows from [HST93) Lemma 12 and 
Corollary 3 (see also |Takll] Proposition 6.5(2)), which shows that it contains two 
elements, a limit of large and of holomorphic discrete series representation) exactly 

forx = XK/Q- O 


We also have the following results on the Petersson norm of the theta lifts: 

Lemma 7.2 ( |Rob01) Lemma 8.1, [Gill] Lemma 7.1). Let a be an extension of 
a = ('t,x^/q) to a cuspidal automorphic representation o/GO(3,1)(A). For all 
finite places v where tt and K/Q is unramified we have 


Ly(s,a,std) = Ly{s,TT,r^ ). 


Theorem 7.3 (Rallis inner product formula, [Gill] Lemma 7.11, |GQT14| Theo¬ 
rem 1.2). For / = G tt and ifi = ^ (fiv & 5'(R(A))^ we have 


mf,F)r 


L^{1, a, std) 


^vifvj Fv) 

vGS 


Together these results imply that all elements of n(x|-/q, tt) have Petersson norm 

involving L (1, As *■' ^)'“(7r)). [Kat08j Lemma 5.1 would (under certain conditions 
on the q-integrality of the theta lifts and properties of Siegel Eisenstein series) 
produce congruences of a theta lift with a form with Petersson norm not involving 
L(l,As^“^^ ( tt)). In particular this form would give rise to a 11 ^ II(x, tt) as required 
in Proposition 16.71 
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